• The asymmetric ρ function is proposed as an alternative to Huber ρ function to model skewness and obtain robust estimators for the location, scale and skewness parameters. The robustness and asymptotic properties of the asymmetric M-estimators are explored. A simulation study and real data examples are given to illustrate the performance of proposed asymmetric M-estimation method over the symmetric Mestimation method. It is observed from the simulation results that the asymmetric M-estimators perform better than Huber M-estimators when the data have skewness.
Introduction
The robust estimation method for the location parameter was proposed by [12] . In the robustness, there are different influence functions have been considered. [2, 11] gave the influence functions to estimate the location and scale parameters robustly. It can be observed that these functions are symmetric. Then, it is not possible to model the asymmetry in data set. In our proposal, we will consider the asymmetric form of influence functions. The asymmetric form of Huber M-estimation will be proposed. The benefit of our asymmetric Huber M-estimation is that the location, scale and skewness parameters can be estimated when the asymmetrically data set does not come from a distribution. In other words, it is well known that the distribution assumption on data set can be a restrictive. In such a case, the location, scale and skewness parameters can be estimated by means of the function we proposed. These approaches for estimating the parameters are in the robust methods.
To get the asymmetric objective function denoted by ρ ESH , the distributions proposed by [16, 17, 18, 7] will be used. A family of these distributions are proposed by [7] . The some special values of parameters in distribution proposed by [7] give the epsilon-skew normal (ESN) and epsilon skew Laplace distributions (ESL). The details of how one can get ESN and ESL are given by [7] . We will use these distributions to get the asymmetric objective function. In this context, we will give the following approach:
Let f be a probability density function. ρ = −log(f ) is known to be objective function in the robustness. The normalizing constant in f can be removed. Let be an objective functions of ESN and ESL distributions.
Huber's ρ function is given by the following form:
(1.1) ρ(u) = u 2 , |u| ≤ k; 2k|u| − k 2 , |u| > k, and ρ ′ (u) = 2ψ (u) , that is, the function ψ is a derivative of ρ.
(1.2) ψ(u) = u , |u| ≤ k; sign(u)k , |u| > k.
M-estimation based on Asymmetric Objective Function
We used the Huber's ρ function to propose asymmetric Huber M-estimation. The parameter k in Huber is the tuning parameter to get the robust estimators. In our case, asymmetric Huber M-estimation has c 1 and c 2 that are the tuning parameters due to fact that we will propose the asymmetric form of Huber's ρ function.
As it is given, the asymmetric Huber M-estimation can be considered as follow:
, (−∞, c 1 ); , (c 2 , ∞).
The proposed asymmetric ρ * function is not continuous at points c 1 and c 2 . After the required regularization on function ρ * is done, the following new ρ * * function can be proposed as follow: where c 1 and c 2 are the tuning parameters and the continuity of ρ * is guaranteed via these parameters. Here, ε is a skewness parameter to model the asymmetry.
Definition 2.1.
The function ρ * * in equation (2.2) is defined to be asymmetric ρ ESH function.
ρ ESH is used to show the asymmetric ρ * * function we proposed. When c 1 = c 2 and ε = 0, ρ H in equation (1.1) can be obtained.
The function ψ is a derivative of function ρ ESH . It can be given in the following form: (1−ε) 2 , (c 2 , ∞).
The estimators of parameters θ, σ ve ε can be obtained by means of asymmetric objective function given in equation (2.2). The functions ψ ESH , ψ ESN ve ψ ESL can be obtained from the objective functions ρ ESH , ρ ESN ve ρ ESL . When ε = 0, the influence functions (ψ), the symmetric influence functions ψ H , ψ N and ψ L are obtained.
M-estimators generated by asymmetric M-objective function
Suppose that the random variables X 1 , X 2 , ..., X n are distributed as a probability density function f . The parameters θ, σ and ε in function f exists and they are location, scale and skewness parameters, respectively. There are other parameters in the considered f , however we are not interested in other parameters.
In our proposal, our aim is to estimate the parameters θ, σ and ε for the random sample X n = {x 1 , x 2 , ..., x n }. The random sample is supposed to be asymmetrically distributed. Owing to the fact that the probability density function is not known, using the maximum likelihood estimation (MLE) method is not possible. In such a case, the function Q given in the following form is proposed to estimate the parameters interested.
The function in equation (2.4) is minimized. To get the estimators of parameters θ, σ and ε, we will take the derivative of parameters interested. Let u i be
. Then, the derivative of Q(θ, σ, ε; X n ) with respect to θ and setting it to zero will produce the following equation.
The weight function is defined to be w(u i ) = ψ θ (u i )/u i . Then, the M-estimator of location parameter θ will be
where w i = w(
). The derivative of Q(θ, σ, ε; X n ) with respect to σ and setting it to zero will produce the following equation.
The weight function is defined to be w(u i ) = ψ σ (u i )/u i . Then, the M-estimator of scale parameter σ will be
). The derivative of Q(θ, σ, ε; X n ) with respect to ε and setting it to zero will produce the following equation.
The weight function is defined to be w(u i ) = ψ ε (u i )/u i . Then, the M-estimator of skewness parameter ε will be (2.10)
The weight function is defined to be w i = w(
).
The weight function of these parameters will be given as follow:
As a result, the estimators of parameters θ, σ and ε are gotten. The weight function in equation (2.11) can give the different weights in data set that is negative and positive sides of axis. Thus, the estimators can model the asymmetry in the data set.
The Computation Steps of Estimators
The random sample is X n = {x 1 , x 2 , ..., x n } and k ∈ N + is the iteration number. Then iterative reweighting algortihm (IRA) will be given in the following form:
Step θ (1) , σ (1) ve ε (1) are the initial values to start the algorithm.
2.
Step The weight function w in equation (2.11) is computed by using the following form:
Step The estimated value of parameter θ is computed bŷ
4.
Step The estimated value of parameter σ is computed by
Step The estimated value of parameter ε is computed bŷ
). Then, the weight function w in second step is computed by using the estimatesθ (k+1) ,σ (k+1) andε (k) .
6.
Step If the norm of vector (
T is bigger than the prescribed value ǫ > 0, the steps are repeated until the prescribed value ǫ > 0 is guaranteed. Finally, the values at last steps are assigned to be estimates of parameters.
Robustness Properties of Estimators
In this section, the robustness properties of estimators of parameters θ, σ and ε will be examined. In this context, the influence function that is an indicator for the local robustness and gross error sensitivity that is an indicator of global robustness are considered for the estimators of θ, σ and ε.
The Influence Function of Estimators
The function ρ in equation (2.2) is used to get the following functions
For θ = 0 and σ = 1, these functions are given by
−∞. Then, they are not finite. When the parameters σ and ε are known, the influence function of estimator of parameter θ is finite. However, the influence function of estimators of three parameters are not finite at the same time as it is proved by the tools given by the following forms:
The influence function of estimators of three parameters is
where Ψ(x) = (ψ θ (x), ψ σ (x), ψ ε (x)) T and
ESN shows that the underlying distribution is taken as ESN to get the integral values. It should be noted that det(B) = 0. Then, the matrix B −1 exists. Thus, the influence function of estimators of three parameters exists.
The equation (3.4) can be rewritten as the following form:
where T ij represents the row i. and column j. of matrix B −1 (i, j = 1, 2, 3). Here, the components IF 1 , IF 2 and IF 3 of the influence function (IF ) are not finite, because ψ σ (x) and ψ ε (x) are not finite. Thus, the influence function of the estimators is not finite. It is known that the norm of influence function is defined to be the gross error sensitivity. Then, the gross error sensitivity is given by the following form:
The components IF 1 , IF 2 and IF 3 are not finite. Then, GES(θ,σ,ε, ρ ESH ) will not be finite.
Breakdown Point of Estimator for Location Parameter
[14] and [25] give the assumption for the breakdown properties of location M-estimator. The convexity in asymmetric case is satisfied. Then, these assumptions given below can be used to satisfy the M-estimator generated from the asymmetric objective function.
1.
ρ(0) = 0 [14] and [25] .
lim
|u|→∞ ρ(u) = ∞ [14] and [25] .
3.
is continuous for every point of u. [14] .
4.
Let u 0 exist when ψ(u) is nondecreasing for 0 < u ≤ u 0 and nonincreasing for u 0 < u < ∞ for monotone ψ functions [25] .
Let us check these assumptions for asymmetric objective and influence functions.
1.
3.
The function ψ is continuous for every point of u.
4.
The function ψ(u) is increasing for the point c 2 given arbitrarily for [0, c 2 ] and it is constant for (c 2 , ∞)
These assumptions given above are satisfied. Then, the location estimator obtained from the asymmetric objective function ρ ESH has a global robustness that is breakdown point. The value of breakdown point is 1/2.
Asymptotic Properties
The asymptotic properties that are consistency and asymptotic normality of estimators for the parameters θ, σ ve ε will be examined in this section. The function Q in equation (2.4) is used to show the asymptotic property. The following equations can be obtained after taking the derivatives with respect to parameters and setting them to zero. The explicit forms of the following equations were given by the equations (2.5),(2.7) and (2.9).
The simultaneous estimations of the parameters θ, σ and ε
where Ψ = (ψ θ , ψ σ , ψ ε ). The approach given by [24] is adapted into the asymmetric M-estimation. Then, there is an one solution of equation (4.4) at least.
Suppose thatθ exists for each ofσ. Then,
is satisfied. Thus, at least one solution can exist for the location estimation. When theσ changes from 0 to ∞. The term
changes from sup{ψ σ (x i ; θ, σ, ε) : x ∈ R} to 0. The estimation of parameter ε will be solution of the following equation.
The solution is in interval (−1, 1), because ε ∈ (−1, 1). Thus, at least one solution of equation (4.4) can be given.
To guarantee the uniqueness of solution, the following two conditions are satisfied [19] :
The function ρ ESH is differentiable.
2.
The Jacobian of equation (4.4) exists and upper-left corner principal minors of matrix is non-zero.
We will examine whether the conditions are satisfied.
1.
The proposed function ρ ESH is differentiable at each points of the interval [c 1 , c 2 ]. However, the derivative of ρ ESH is zero at the intervals (−∞, c 1 ) and (c 2 , ∞).
2.
To construct the equation (4.4)
exists each term of matrix B
Constructing the matrix B in second condition was proposed by [13, 21] .
This matrix will be given when the asymptotic normality of estimators. Left-upper three corners of the matrix are given as follows: Uniqueness of solution was guaranteed. Then, we will examine whether the estimatorsθ,σ veε are consistent. The convexity can hold when the asymmetric form of objective function is proposed. Then, we can use the assumptions considered by [10] .
The results of
These results will be finite when the c 1 , c 2 , σ and ε are finite. Then, the conditions 1. and 2. were satisfied. The consistency of estimators obtained simultaneously was been examined. Then, it can examine the asymptotic normality of estimators. Since the estimators are not explicit form, the Taylor expansion of influence function will be consider as follow:
the summation of both sides are taken and multiplied by 1/n. Then,
Under the regularity of conditions, when n → ∞, the weak of large numbers (4.14)
can be obtained. By means of central limit theorem,
can be obtained. Here, Ψ is three-dimensional. Thus, by means of the Slutsky's multivariate lemma,
N 3 shows the 3−dimensional asymptotic normally distributed.
Then, the matrices A and B exist and the inverse of matrix B exists as well. These matrices are obtained when the underlying distribution is chosen as ESN .
The elements of matrix A are
The elements of matrix B are 
2(1 − ε) 2 ).
Simulation Study for Estimators of Location, Scale and Skewness Parameters
To test the performance of asymmetric M-estimators, the contaminated version of ESN distribution will be considered as follow:
1000 runs are performed. The sample sizes of each run are 30, 50, 100 and 150. The relative efficiencies of estimators are also computed.
MSE is mean squared error obtained from simulation. ESH is epsilonskew Huber M-estimator, ESN, ESL and ESt epsilon-skew normal, Laplace and t distributions, respectively. H is symmetric Huber M-estimator. Three degrees of asymmetry are considered to test the asymmetric M-estimators. We make a comparison betwen the symmetric Huber M-estimator and asymmetric Huber M-estimator. In tables, maximum likelihood estimators of location, scale and skewness parameters of ESN, ESL and epsilon-skew t (ESt) considered by [4] distributions are given. The comparison of them with asymmetric M-estimator is also considered. Tables 2-4 shows that asymmetric M-estimator (ESH) outperforms generally than the maximum likelihood and M-estimators when the data set has outliers. The inital points of θ, σ and ε to start the algorithm are median(x), M AD(x) = median(|x i − median(x)|) and 0, respectively. Here, x = {x 1 , x 2 , ..., x n }. Three degress of asymmetry are considered.
Real Data Application on Estimations of Location, Scale and Skewness Parameters
The real data sets are considerd to show the performance of the asymmetric M-estimation (ESH). As an indicator of the goodness of fitness, AIC (Akaike information criterion) ve BIC (Bayesian information criterion) are considered. They are defined as the following forms: Example 1: The data set in the website http://discover.nci.nih.gov/datasetsNature2000.jsp is analyized by [3] and [22] . In this study, the asymmetric M-estimator (ESH), ESN, ESL, ESt, N (Normal) and Huber M-estimation (H) distributions are used to analyze the data set. The tuning constants of asymmetric Huber M-estimators are c 1 = −0.1, c 2 = 0.3, the tuning constant of Huber M-estimators is k = 0.2 and the parameter ν that is a tuning constant for the ESt distribution is ν = 5. Table 5 gives the estimates of parameters, log(L), AIC and BIC values.
Example 2:
The tuning constants of asymmetric Huber M-estimators are c 1 = −0.25, c 2 = 0.1, the tuning constant of Huber M-estimators is k = 0.25 and the parameter ν that is a tuning constant for the ESt distribution is ν = 5. Table 6 gives the estimates of parameters, log(L), AIC and BIC values. The tuning constants were tired until the smallest values of AIC and BIC are gotten for these two examples.
Regression Application on Asymmetric M −Estimation
The regression model is considered as an application of asymmetric M −estimation.
where y is dependent variable. x is explanatory variable. b = (b 0 , b 1 , ..., b p−1 ) is a vector of parameters. u is error terms. We will get the asymmetric M −estimators.
Asymmetric M −estimation and its Estimators
The regression model in equation (5.1) is considered. Suppose that the error terms u are asymmetrically distributed. Then, it can be possible to model the asymmetry in data set via the skewness parameter ε. To estimate the parameters b, σ and ε, the following function Q will be considered.
The minimization of function Q with respect to parameters will give the estimators of parameters.
. Then, w(r i ) = ψ b (r i )/r i is defined in the robustness. Then, asymmetric M −estimator is
) is weight function.
To get the estimator for the parameter σ, we will get the derivative with respect to σ (5.4)
. Then, w(r i ) = ψ σ (r i )/r i is weight function. The asymmetric M −estimator of scale parameter is as follow:
). The derivative of function Q(b, σ, ε) with respect to parameter ε is taken
. w(r i ) = ψ ε (r i )/r i . The asymmetric M −estimator of skewness parameter is as follow:
). The weight function for the asymmetric M −estimators is as follow
.
. The computation steps are similar to the previous case, because the estimates of parameters location, scale and skewness are considered. Thus, we omitted the steps for the regression case.
Simulation Study for Estimators of Regression, Scale and Skewness Parameters
In the simulation setting, the simulation plan is same with the estimations of location, scale and skewness parameters. The true regression model is as follow:
The error terms u are distributed asymmetrically. The explanatory variables are
), σ and ε to start the algorithm are the vector of (0, 0, 0, 0, 0, 0), M AD and 0, respectively. Three degress of asymmetry are considered. In tables, the results shows that the asymmetric M-estimators outperforms than the maximum likelihood estimators of regression, scale and skewness parameters of ESN, ESL and ESt distributions generally.
Real Data Application on Estimations of Regression, Scale and Skewness Parameters
Example 3: The MartinMarietta data set was analyezed by [6] , [5, 8, 9, 3, 4] and [1] . The estimates of the regression parameters were obitaned by these studies. They assume that th The data set consists of 60 monthly observations from January 1982 to December 1986. [6] introduce a linear regression model y = b 0 + b 1 CRSP + u where y is the excess rate of the MartinMarietta company, x = CRSP is an index of the excess rate of return for the New York market, and u is an error term. The tuning constants of asymmetric Huber M-estimators are c 1 = −0.015, c 2 = 0.03, the tuning constant of Huber M-estimators is k = 0.03 and the parameter ν that is a tuning constant for the ESt distribution is ν = 1.5. Table 13 gives the estimates of parameters, log(L), AIC and BIC values. Example 4: The same regression model considered in the previous example 3 is again taken. This data set can get the PET package. It is called as "la". The dependent variable "y=la$PET510" and the explanatory variable "x=la$bflow" are standardized. "bflow" is a variable representing the blood flow. The variable "PET510" is measured via the PET (Positron Emission Tomography) machines. The detailed discussion can be found in the package named as gamlss.nl. The [20, 15, 23 ] studies also analyzed this data set. The tuning constants of asymmetric Huber M-estimators are c 1 = −1, c 2 = 0.7, the tuning constant of Huber M-estimators is k = 1 and the parameter ν that is a tuning constant for the ESt distribution is ν = 2. If a value is bigger than the Q 3 + 1.5IQR = 1.6686, the added value with y direction is considered to be an outlier. The maximum value of explanatory variable is 5.4276, the added value is 5. Here, Q 3 is the third quantile. IQR is an interquartile range. The sample size is n = 251. After adding one outlier, the sample size is n = 252. 
Conclusions
Asymmetric Huber M-estimators are suggested by using the −log(f ) as an objective function in robustness. Asymmetric M-estimators have a skewness parameter to model the potential skewness in data set. The asymptotic properties of asymmetric M-estimators are examined. Firstly, the existence and uniqueness of the proposed objective function with respect to parameters are examined. After that, the asymptotic normality of estimators can be shown via the well known Taylor expansion of the proposed asymmetric M-function and the multivariate Slutsky's lemma is used. For the proposed estimators, the asymptotic variance-covariance matrix is provided. The influence function as a local robustness property of estimators was provided. The breakdown point as an indicator of global robustness of location estimator is shown to be 1/2 after providing the assumptions of the robustness criteria of breakdown. An application on regression was also considered. Real data examples for both cases were provided. The results show the competence of our proposed estimators when there is a potential asymmetry in data set. The asymptotic properties of regression case will be considered as a comprehensive study. The asymmetric M-estimates in R software will be added. The asymmetric forms of Welsch, Hampel functions will be suggested to model the asymmetry in data set.
